Abstract-In this note, the robust stochastic stabilization and robust H ∞ control problems are investigated for uncertain stochastic time-delay systems with nonlinearity and multiple disturbances. By estimating the disturbance, which can be described by an exogenous model, a composite hierarchical control scheme is proposed that integrates the output of the disturbance observer with the state feedback control law. Sufficient conditions for the existence of the disturbance observer and composite hierarchical controller are established in terms of linear matrix inequalities, which ensure the mean-square asymptotic stability of the resulting closed-loop system and the disturbance attenuation. It has been shown that the disturbance rejection performance can also be achieved. A numerical example is provided to show the potential of the proposed techniques and encouraging results have been obtained.
I. INTRODUCTION
In the past decades, analysis and design of controllers for nonlinear systems with disturbances have attracted considerable research interests as disturbances exist in most practical controlled processes and is one of the main factors that affect the performance and stability of control systems. So far, several elegant control schemes focused on disturbance attenuation and disturbance rejection have been proposed, such as the stochastic control theory, regulation theory, H 2 /H ∞ control theory, (see, e.g., [1] - [3] and references therein), internal model control theory, disturbance-observer-based control (DOBC) theory [4] - [7] , and so on. Since many disturbances in real engineering are periodic and have inherit characteristic such as harmonics and unknown constant load, which can be modeled as output of exogenous systems, DOBC has been received increasing attention. The basic idea of the DOBC is to construct an observer to estimate the disturbance, then based on the output of the observer, a feed-back compensator plus conventional control laws are applied to reject the disturbance, and achieve the desired performances. Based on this, it can be seen that the DOBC tech-nique also provides a promising approach to address intrinsic design constraints, such as tracking versus disturbance rejection and nominal performance versus robustness. In addition, many applications may be subject to multiple types of disturbances, and those disturbances may exhibit distinct features and should be represented by different forms and models. Unfortunately, most of the aforementioned approaches focus on either dealing with one type of disturbance or treating multiple disturbances as a single equivalent disturbance. This means that highprecision control performance may not be obtained in the presence of multiple disturbances. Motivated by this, composite hierarchical antidisturbance control (CHADC) strategies consisting of the DOBC and traditional control method have been investigated extensively, which may exist multiple loops for attenuating different types of disturbances as the system under consideration is subjected to multiple types of disturbances. In [8] , the basic idea of CHADC is first proposed for a system subjected to external disturbance and model uncertainty. For nonlinear systems with two types of disturbances, terminal sliding model control, variable structure control, and H ∞ control have been integrated with the DOBC in [9] - [11] , respectively. It has been noted that perturbations or uncertainties are included in the exogenous system modeling the disturbance in the control input path, which means that the internal model principle is no longer applicable. In [12] , the DOBC composite adaptive control strategy has been proposed for a class of nonlinear systems with uncertain modeled disturbance and the disturbance signal is represented by an unknown parameter function. Recently, some results have been obtained for stochastic systems. In [13] , the CHADC problem has been investigated for Markovian jump systems, and the stabilization problem has been concerned in [14] for the Ito stochastic differential equation. For more details of CHADC, one can referred to [15] .
It is well known that time delay and system parameter uncertainties are commonly encountered in many engineering systems and often result in instability and performance degradation. When both time delay and parameter uncertainties appear in stochastic systems, the robust stochastic stability problem have been studied (see [16] - [18] ). Moreover, under the bound assumption of the disturbance energy, robust H ∞ control problem have been investigated intensively for stochastic systems with norm-bounded parameter uncertainties and time delay (see [19] - [22] and references therein). Notice that most of these robust control approaches mentioned are worst-case-based design, and exhibit certain conservative. Due to the advances in sensor technology and the fact that data processing have dramatically improved the capacity in disturbance analysis and modeling, unconventional control strategy should be designed to improve system performance by making a full use of the knowledge about multiple disturbances. To the best of the author's knowledge, the CHADC approach that consists of the DOBC and robust H ∞ control for stochastic systems with time delay and parameter uncertainties has not been investigated.
In this note, we aim to tackle the robust stochastic stabilization and robust H ∞ control problem based on a disturbance observer for a class of nonlinear systems with time delay, parameter uncertainties, and mul-tiple disturbances, where the multiple disturbances include three types: the first type of disturbances is assumed to be Brownian motions, the second type is supposed to be norm bounded, and the third type of the disturbance can be described by an exogenous model with perturbations. A composite hierarchical controller is designed such that the closed-loop system is mean-square asymptotically stable, and at the same time, the prescribed H ∞ disturbance-rejection-attenuation performance is achieved. Sufficient conditions for the solvability of these problems are obtained in terms of linear matrix inequalities (LMIs).
The remainder of this note is organized as follows. Section II formulates the composite hierarchical control issue that consists of DOBC and robust H ∞ control. The theoretical results on the controller design problem is presented in Section III and a numerical example is provided in Section IV to show the effectiveness of the algorithm. Finally, we conclude this paper in Section V.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the system described by the following stochastic differential equation with state-delay and parameter uncertainties:
where x(t) ∈ R n represents the state vector, u(t) ∈ R m is the control input, z(t) ∈ R p is the controlled output, and f (x(t), x(t − τ )) is an unknown nonlinear vector function satisfying bounded condition as described in Assumption 1. v 0 (t) ∈ R m is the disturbance that can be described by an exogenous system in Assumption 2, v 1 (t) ∈ R q is another disturbance that belongs to L 2 [0, ∞), and ω(t) is a 1-D Brownian motion satisfying E{dω(t)} = 0 and E{dω 2 (t)} = dt. τ is the real constant time delay satisfying 0 ≤ τ < ∞, and
, and D are known real constant matrices with corresponding dimensions, while ΔA(t), ΔA d (t), ΔE(t), and ΔE d (t) are unknown matrices representing timevarying uncertainties, which are assumed to satisfy the following conditions:
where M 1 , M 2 , N 1 , and N 2 are known real constant matrices, and F (t) is an unknown norm-bounded time-varying matrix satisfying
Assumption 1: The nonlinear function f (x(t), x(t − τ )) in system (1) satisfies the following boundedness condition:
where G 1 and G 2 are known real constant matrices. Assumption 2: The unknown external disturbance v 0 (t) in the control input path is supposed to be generated by the following exogenous system˙
where W ∈ R r ×r , H 2 ∈ R r ×l , and V ∈ R m ×r are proper known constant matrices. v 2 (t) ∈ R l is the additional disturbance that belonging to L 2 [0, ∞), which may results from the perturbations and uncertainties in the exogenous system. Assumption 3: (A, B) is controllable, (W, BV ) is observable, and matrix B is of full-column rank, that is rank(B) = m.
Remark 1: Many disturbances in real engineering are periodic and have inherit characteristic such as harmonics and unknown constant load. They can be modeled as output of a neutral stable exogenous system. For example, for a unknown constant load disturbance, it can be represented by˙ (t) = W (t), v 0 (t) = V (t) with W = 0 and V = 1. For a harmonic disturbance with known frequency ω > 0 but unknown phase and magnitude, it can be represented bẏ
is also considered in system (5) in order to reflect practical situation. Moreover, many physical systems may exist multiple types of disturbances, such as external disturbance, internal disturbance, unmodeled dynamics, parameter uncertainty, and random noise, etc. Those multiple disturbances may exhibit distinct features and should be represented by different models and signals. Three types of disturbances are considered in this note.
In the composite hierarchical control scheme for system (1), the controller can be constructed as [9] - [14] 
wherev 0 (t) is used to compensate the disturbance in control input path and K is the state feedback gain to be determined later. Besides, due to the existence of multiple types of disturbance, the following definitions will be introduced first for the convenience of formulation.
Definition 1 (See [21] ): The nominal system of (1) with u(t) = 0, υ 0 (t) = 0 and υ 1 (t) = 0 is said to be mean-square stable if for any ε > 0, there exists δ(ε) > 0 such that
when
Particularly, if
holds for any initial conditions, then the nominal system in (1) with u(t) = 0, υ 0 (t) = 0, and υ 1 (t) = 0 is said to be mean-square asymptotically stable. The uncertain stochastic system in (1) is said to be robustly stochastically stable if the system associated to (1) with u(t) = 0, υ 0 (t) = 0, and υ 1 (t) = 0 is mean-square asymptotically stable for all admissible uncertainties satisfying (2) and (3). Definition 2 (See [21] ): Given a scalar γ > 0, the uncertain stochastic system (1) with u(t) = 0 is said to be robustly stochastically stable with disturbance attenuation γ if it is robustly stochastically stable and under zero initial conditions
is satisfied for all nonzero υ(t) ∈ L 2 [0, ∞) and all admissible uncertainties satisfying (2) and (3), where
In this note, we will deal with the problems of robust stochastic stabilization and robust H ∞ control for system (1)-(5). Specifically, a composite hierarchical controller (6) is to be designed such that disturbance υ 0 (t) can be rejected and the resulting closed-loop system is robustly stochastically stable and satisfies the performance of disturbance attenuation.
III. MAIN RESULTS
In this section, we aim to develop techniques for robust stochastic stabilization and robust H ∞ control of system (1) .
Before this, the disturbance υ 0 as described by (5) need to be estimated. For this purpose, the following form of disturbance observer is employed:v
whereˆ (t) andv 0 (t) are the estimation of (t) and v 0 (t), respectively. s(t) is the auxiliary variable that is generated from
where A f and L are the observer gain to be designed. Remark 2: A significant feature of composite hierarchical controller (6) is that the control scheme consists of two parts, the estimate of the disturbance is directly fed forward to counteract the influence of disturbance, hence, the key issue in CHADC is the design of disturbance observer. A special form of disturbance observer is constructed in (10) and (11), which is quite different from [6] - [14] . That is, the uncertain parameter matrices of system (1) cannot be used directly in the design of disturbance observer, and two observer gains need to be designed. Besides, since the disturbance attenuation and rejection loops are coupled in this note, the normal feedback loop cannot be designed separately from the disturbance observer.
Denote the estimation error as e (t) = (t) −ˆ (t). It can be seen from (1), (5), (10) , and (11) that the error dynamics satisfies
Applying controller (6) to the stochastic system (1), we obtain the following closed-loop system:
Combining (12) with (13), we have
where it has been denoted that
) and the following inequality can be derived from Assumption 1:
First, we present the robust stochastic stabilization result in the following theorem.
Theorem 1: Suppose that there exist symmetric positive definite matrices P 1 , Q 2 , and S, matrices R 1 , R 2 , and R 3 , and positive scalars δ 1 and δ 2 , such that matrix inequalities (16) and (17) shown at the bottom of this page, hold.
Where
Then, system (14) with v(t) = 0 is robustly stochastically stable. Moreover, the observer gain of (10) and (11) and the feedback gain of controller (6) can be chosen by
Proof: Let P 2 = Q −1
2 and define the following Lyapunov function candidate for system (14) :
It can be derived by the Itô differential formula [16] , [25] that
where
andP 21 = diag(P 2 , P 1 ). From Assumption 1 and the well-known Young inequality, we have
Moreover, it can be shown that
Substituting (22) and (23) into (21) results in the following inequality:
with
It remains to show that Ξ 1 < 0 and Π 1 < 0. By the Schur Complement, it is easy to see that
Inequality (26) can be rewritten as follows:
Applying the S-procedure to (27) , it can be seen that (26) holds if and only if there exists a positive scalar δ 1 , such that inequality (28) holds.
Then, it is not difficult to see that (28) is equivalent to (16) if the observer gains are chosen as
Otherwise, we can see
In the same way, there exists a positive scalar δ 2 , such that condition (29) can be rewritten as follows:
Now, we note that pre-and postmultiplying (30) by diag (Q 2 , Q 2 ,
Then, from the Schur Complement, it can be seen that condition (31) is equivalent to (17) when the controller gain selected as K = R 3 Q −1 2 . To this end, it can be inferred that the right-hand side of (24) is negative definite, which, by definition 1 and [26] , implies that the closedloop system (14) with v(t) = 0 is robustly stochastically stable. This indicates that system (1) with v 1 = 0, v 2 = 0 is robustly stochastically stabilizable. This completes the proof.
Based on Theorem 1, the analysis of H ∞ performance of the closedloop system (14) can be given in the following.
Theorem 2: Given a scalar γ > 0 and consider system (14) . Suppose that there exist symmetric positive definite matrices P 1 , Q 2 , and S, matrices R 1 , R 2 , and R 3 , and positive scalars α, δ 1 , and δ 2 , such that matrix inequalities (32) and (33) shown at the bottom of this page, hold.
Then, system (14) is robustly stochastically stable with the given disturbance attenuation γ. This says that system (1) is robustly stochastically stabilizable with disturbance attenuation γ. In this case, the observer gain of (10) and (11) and feedback gain of controller (6) can be chosen 
by
Proof: First, the closed-loop system can be obtained as follows:
To prove that the H ∞ performance constraint is met, the Lyapunov function candidate V (t) defined in (19) is used here. Then, we have
To establish the H ∞ performance under the zero initial condition, we introduce
Consider the stochastic system (1) with parameters as follows:
with the parameter matrices for disturbance v 0 (t) by (5) being given by
The purpose is to design a composite hierarchical antidisturbance controller such that, for all admissible uncertainties, the resulting closedloop system and the disturbance estimation error system are robustly stochastically stable with disturbance attenuation γ. In this example, the disturbance attention coefficient is supposed as γ = 0.8. Using the MATLAB LMI control Toolbox to solve the LMIs (32) and (33), we obtain the solution as follows: 
To verify the effectiveness of the proposed disturbance observer and composite hierarchical controller, we assume that F (t) = I in the simulation. Figs. 1 and 2 show the disturbance υ 0 (t), its estimationυ 0 (t) and the estimation error. Fig. 3 demonstrates the responses of the state via the composite hierarchical controller method and single robust H ∞ control method. From these figures, we can see that the proposed scheme can reject and attenuate the multiple disturbances and exhibit a good system performance. 
V. CONCLUSION
In this note, the composite hierarchical antidisturbance robust H ∞ control problems for uncertain nonlinear stochastic systems with timedelay and multiple disturbances have been studied. An LMI technique has been applied to the design of the disturbance observer and composite hierarchical controller. It has been shown that the designed controller can not only guarantee the mean-square asymptotic stability of the closed-loop system but also reject one kind of disturbance and reduce the effect of another disturbance input on the controlled output to a prescribed level for all admissible uncertainties. A numerical example has been provided to show the effectiveness of the proposed method, where encouraging results have been obtained.
